TECHNISCHE
UNIVERSITAT

TECHNISCHE
UNIVERSITAT
DARMSTADT




ngineering
#ol/engine¢”  Thepurposeof
W sizes / hil computing Isinsight,
dpoint (do  Not numbers.

| Richard Wesley
Hamming (1962) /

DARMSTADT,
Martin Ziegler

ency, pra
d—hqc

|s there
anything
a
numerica
engineer

THIRD EDITIO

nag_opt_oﬁéiVar_derlv (eO4bbc) normal Iy conputes
a sequence of x values which tend inthe [imt
to a mninumof F x subject to the given bounds




%, TECHNISCHE
£ 74\ UNIVERSITAT
7" DARMSTADT,

(’))Z\.> Martin Ziegler

Rigour in Numerics?

«How do esnypneszssidadtwitin tihe ppobidem of sassygmmuseonesnesasuee of
reliability to tine mumbeesshiadttinecoompoitteppoadivessPVee tineygaass |
have sat omargni?ih. Dggakiyiyig examimztioms odtissadeat ntedémsessior
engineeringstildeatssiibssanokdmvolved as@riﬁiﬁeammrmmtohumminaﬂil
computing. Inoowedimnmm or anotiher, 1imyanetily sk twowpstsis Wiigydid
youw ot fumssthiad particular algorithm?" amd "How dio yewulknowy tinait Waow,
answer ae & accurat a you claim?. The first questiol Is usually
answeredcoafitigatihyssnupsicntermss &S 'Ssecndebdde rcomvergence™ or
"von Neumannssiabityycritenon”. The mextquesstiom addss Emis to
embarrassingAA&eaniniiizlblank or hostieste, | usually get amnsvs
like "l tested thenetbbdovith some ssmudeesamues amdl vovkddd” |
repeated tineccopypatamontithseveravahihessof n amdl time sidss g esedito
three cesmma jpéecas; or more ey, e aarssverssdokikddlkes what |
expectell Soffar] havenuitfaultedamystiudient for thensesxisicoionativee
of such aresgooss0aasmsTm for Myaleicictace docatit@zds ttettl have
really nothing ittt toafféer Rmponoussaradygsssisooit of tineggassuon Peter
Linz, p.412, Bwll. AMS vol.19:2 (11988).
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Parameterized U

Real Complexit

Recursive Non-Uniform High-Precision/ Numerical

Analysis Real Complexity Validated Numerics Engineering

Oridi Logic + Computer Science Analysis + Computational i Algebraic & transcend. number Engineering
ngn Real Analysis + Numerical Analysis Complexity + Logic + IBC theory, Dynamical Systems + Numerics

« Computational Benefit of
Smoothness: A Rigorous
Parameterized Complexity
Analysis of Operators
on Gevrey's Hierarchy

* Unform Complexity of
Operators on Compact Set

« There exists a computable Thereis a G;f:[—l;l]2—>[—1;1]
smoothf:[0: 1P—[0;1]2 with polynom.-time computable

: . s.t. solutiorz[0;1]—[-1;1
Example no computable fixed point. e - f(zt)[ z((;) ([) is rlot
results * The Mandelbrot Set is polynom.-time computable
computable, subject to the U”"ESS?_:?S'PﬂC_f'
hyperbolicity conjecture. For polytime_analytid,
zis also polytime.

«Coil design of
Wendelstein 7-X
*The Kepler Conjecture istrue  ,cOSTAR for Hubble

*Billions of digits ofx... Space Telescope
sNumerical verification of
the Riemann Hypothesis platform design

(individual) desig-/

paramet@; |nf0rm§I

*The Lorenz Attractor exists.

Type of Computability of certain real
Problems numbers mul-/ function:
Specification etc

heurlstlcal reC|pe

ixed: hardwar€
| oat / doubl e
Programming Type-2 Machine / real PCF NAG MATLAB

Consistent Ves,
semantics? losed under composjtién @

Notion of ” Vg ' g ne polynomial in a e " wasltiag [ v Oy absolute time
Efficiency (recursive enumerability) | ' i J ined choice of) parameter_s R : (constant factors)

Methods |Prove existence / impossibility ¢
algorithm solving some proble

Intermediate
.. unboundeg

precision

Corrgctn_ess ormal proo, ! formal proof, quantitative
Optlmallty_ derived from specification gt ¢ ' analysis, adversary argument
Demonstration :

. embedding undecidable
ESta.b“Shmg (e.g. halting) problems,
optimality Weihrauch-reduction

adversary arguments from
IBC, adaptedto bit model;

gOmpetition with o
methods on said
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Benefits of Complexity Theory / [
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Ove r CO nti n u O u S U n ive rses Real Comply TI\:Zotry '?uetglr?al

= Full specification (input/output behavior) | RRAM
= of problems over real numbers, functions, sets

= Consistent semantics (e.g. tests) closed under
composition for modular approach to software

= Canonical interface declarations (TTE+2"d ord.)
= Rigorous convergence & runtime analyses

= turning recipes and heuristics into algorithms

= Realistic performance guarantees in bit model

= and optimality proofs from IBC or relative to
common conjectures in classical complexity

= and parametrized for fine-grained predictions
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hﬁO p@ Forrr IR
| 0.0111111...=0.100000..
éé Srrowirg AR a‘ll?l%en [o 010100, + o.1o1o1m.=?J

a)r has some/all binary expansion decidable

—m[ N, someallZ with [r-a/2m<2™
C) Thene i am allgamitnm pmimtimg)
sequencegy)1Q and §,) with F-q.fke,—0

numerators+ | b) = c) holdsuniformly, interval
denominators| < a) does not [Turing'3/]arithmeti

Ernst Specker (1949): (c) Halting problemplus (d)
d) There is am algomttim phmimg(CQ with q,—r.

H :={ (B,X : algorithmB terminates on Inpw } N\




Real Function Comglemty

Function f:;[0,1] =R comput.!
if some TM can, on input o_]

(@) UZwith [x-g,/2m[<2™m ]

in time t(N) output bLJZ wix
Examples: a) +, x, @p polytlme on [O 1]I
b) f(X)=2,, 4" iff LEI{O 1}" polytime-decidable
c) &iymeteavisipEpttreocputaliEble

Lipschitz, Holder ]_[ -yl<2:W = [f(x)-f(y)|<2"
Observation i) f computable = continuous.

i) If f is computable in time t(n), then
_ t(n) is a modulus of uniform continuity of f.

/
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Three Effects in Real Computation *

that numerical scientists might be Real Complexity Theory Tutorial
interested in / should be aware of Cmp. "feasible real-RAM"

a) natural emergence of multivaluedness \f/
(aka non-extensionality) - semantics of "</"

b) Uniform computation may require discrete advice
Example: Given xR, compute n[1Z with n>x.
Example (E.Specker'69): Given a,,...,a4,C
compute a d-tuple z,...,z,L1C of roots of
p(2):=a,+z-d+...+z%1.a, +Z2 with multiplicities.
FINdINg an eigenvector basis to a given real
Example: +, expcomputéblenieotmpe igdilgiomial
in Nn_on [0;1]; on [0;2¢]: + in time polynomial in
independent of

n+k, expin time polynomial in N+2X, {elgkeelyfeEle e
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e LLI{O,1}* polynomial-time decidable it a Turing Machine
can, given vi1{0,1}", tell whether vOL orvdL (PSPACE

within a number of steps polynomial in n=|v|. EV

Recap on Structural Complexity

« 1{0,1}* - {0,1} polynomial-time computable if...
* L is polynomial-space decidable if can tell whether vlIL
or VLIL using at most polynomially many memory bits.
e L={ vl{ 1}" : Ow{0,1}PED : (vw)OV } with pON][
and VU7 is called polynomial-time verifiable= N\p NP,
 fFP is a polynomial-time reduction from Ato B ("A<"B")

if it holds: Ov: VOA = f(v)OB. BUONZPis NP-complete
if A<PB for every AONP




Nonuniform Complexity of Operators
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f:]10;1] - [0;1] polytime computable (= continuous)

« Max: f - Max(f): x - max{ f(t): t<x}
Max(f) computable in exp. time;
polytime-computable iff P=NP | to fOC=

{ (bin(@,bin(b),2" : Dw<a<2™ f(w/2™m >_ ,, M=

[ f = If: (x = g f(t) dt)

U polyn. modulus of continuity

f o

\\11/2”/\//\

1/2:0) \

|~

even when >

restricting o

3

Q)

-

Finding starting points for &

Newton Iteration is hard §

ntial time; 0

FP=#P S

=#P, -
L Z Z(D)=f(1,
le solution At

nplete” [Kawz al]
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Real CompIeX|ty Theory Tutorial

NP OL ={ NON | OM<N/{IR,M) [TV Do Vi (P

C* dyt 3 O@N-aNINNRY

ole (NMOV-
i | MANY local maxima ],,tln(l/t)
t) = ex {2/ 1 -’[2 SN
o) = exp(elLe) O\ e

C: pulse’ function o N:5t51/4|\t|31§, U — -
polytime computable I\I>I|551--3|\/|;0,1,2 II\\IA::% M=1 |\|>||f(])-

To every LUXNP there exists a polytime
computable C” function g, :[0,1] >R s.t.:

[0,1]G—maxg |4 again polytime iff LOP
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o [Pour-El&Richards 81, ..., Weihrauch&Zhong 02|

In-/computability of the Wave Eguation (hyperbolic)
o Computability of some non-/linear PDEs:

[Welhrauch&Zhong 99ff, Brattka&Yoshikawa'06, ...]

Poisson's
Equation: Au=f on Q, u=g on 0Q

e electrostatic / gravitational potential of the charge/
mass distribution f with boundary condition g

2nd order, linear, elliptic: homog. (f,0) and inh. (0,9)
'fundamental’ solutions In [x| (2D) and 1/x| (3D)
‘explicit’ Green's functions for various domains,

SO Zjon forr?ulafn the, compITX|un|t]gI )gﬂ ng

111
27 |w
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Real Complexity Theory Tutorial

=g on 9Q

u




Complexity of Au=f on Q, u=g on 0Q

Real Complexity Theory Tutorial

Theorem: B, := closed d-dim. Euklidean unit ball
a) For every polytime f:.B;—R and g:0B;-R,
there exists a unique C? solution u
and U is computable in exponential time.

b) If FP=#7P, then U is even polytime computable.

c) There exists a polytime f(0C® such that QE
uto g=0 is polytime iff FP=#7P. N %‘5
d) For d>1 there is a polytime gLC® s.t. ~ T3
Uto f=0 is pglytime iff FP=#P 35
o | S
u(z) = = P et ) da ) §
<4 |fw|: 1 w-= 1]
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Complexity of Operators (cont.d) © ° oweror
f:]10;1] - [0;1] polytime computable + C» (analytic)

« Max: f - Max(f): x - max{ f(t): t<x}

polytime-computable ! [N.Miller'87+'95,
el f o If: (X - jox f(t) di) MUller&Moiske'93,
holytime-computable ! Bournez et al."11ff]

 dsolve: C[0;1¥-1;1] Uf - Zz z(t)=f(t,2), Z0)=0.
polytime-computable !

Claims are non-uniform: yeterized]
e Runtime (polyn. degree) of computing Max(f)
in dependence on runtime (polyn.degree) of f ?

e Discrete| advice |about (in addition to apprx.
to) f employed by computation of Max(f) ?
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Representing Power Series | [
On the _ I I Real Comp T“:Z(';tri; _ﬁ?g'ﬁ;l
| incomputable [ZhWe'01] |

Zi@z e radius of convergence@clllimsug ;[

o to OKR exist(KUN: |c|<24ri (Cauchy-Hadamard)
o~/ discrete

o N [R1= Llog(r) = O(LUr-1)) 1-5rete)

« tail bound [S,.y C 2] < C-(ilF)V/(1-2l)

Complexity uniform in |z]<1:(i.e. R>1)

Convergence degrades es as I - 1; quantitatively?
output precision arametrized running time

Theorem: Represent series 2, C-Z with R>1 as

(am) Uz 2M (=Pp@) land KON as above
The follo uniformly computable in[llcgvn\;%ura
polyn. in i) eval, ii) sum, iii) product, _Miller,

RoOsnick,

iv) derivative, v) anti-derivative |, vi) Max = z.r14]



Representing Continuous Functions |[Cantor
TTE: Represent space Z via surj. 0:[1{0,1}*—Z

On compact Lip, :={ f:[0;1]—[0;1] 1-Lipschitz },
representing f via a p®-name of (f(ki2"),., renders
operator Apply: Lip,x[0;1] U(f,x)—f(x) computable in
time O(1)", not in subexp. time for any representat.

>22"" functions pairwise differing
when evaluating up to error 2"
but only 2" different initial
segments of d-names that can

([unrealistic (IRRAM)) 2-8
21 /A AN O

y I | | I~ | | I
=2"1'hats' / C* pulses,
22 combinations

be read within t(n) Stm sequential access! ]

Lip, has exponential metric entropy [Weihrauch'03]

IBC: exact (or of fixed precision) unit cost queries

Friedman&Ko: oracle access to f via approx. eval.:
Given qUD,={a/2": al1Z} return pUD,: [f(q)-p|<2".




Representing Continuous Functions |[Cantor
TTE: Represent space Z via surj. 0:[1{0,1}*—Z
Definition [Kawamura&Cook'10]:

A 2nd-order representation is a surj. :00{0,1} " —Z

where {0,1}":=({0,1} "){°1)" denotes Space

[Kawamura&Pauly'14]  ZU<, _ oracle ¢
Example: Define g-name@CI01D ropresents f
a pP-name of vopy)| | PLY)
fIC[0;1] as NON—s ¥ 7 _)' bOD,, :
any & s.t.  &-rRme EXDZ— MA@ x)-bj<2n
| f( bin(v)/2¥ ) — -8y 2T <2 "

Oracle machine computing a

bin(¢(v))/2M ‘ < 2M functional A:OZXX1XR — R
Friedman&Ko: oracle access to f via approx. eval.:
Given qUD,={a/2": al1Z} return pUD,: [f(q)-p|<2".




Representing Real Analytic Functions
Definition: C9-1,1] :={ f:[-1;1] - R restriction of

complex differentiable g:U - C, [-1;1]0ULC open }
Fact: fOC9[-1;1] - [fOC® O KON Oj: [fO[I< 2KK-}!
- f =|finitely many local power series on |- 1,1]\

Theorem: The following (2"9-ord) representations
of C‘*’[ 1 1] are parameterlzed poly -time equwalentj

C) pw names Of power SerIeS (C(l)) ............................... (C (m))D[R Of
f around equidistant centersl][-1; 1] S. t C |<2m (2m)!

ThebFEM B CEI0A P ) EVaE 9&.@0[& ldiaePs
areec@fﬁﬁu e Bl i g&)@réﬁm‘iﬁ@&] Pl i‘uph‘iﬁ'ﬂa
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Gevrey's Function Hierarchy @ owee
Definition (Maurice Gevrey 1918, studying PDEs)
g0G -1;1] = Oj: || < 24K T) G"=U, 6%
Fact: f0CY[-1;1] - fOC* O CKON Oj: [f9]|< 2<Ki(j0
(G'=C°r”

Example: The following g is
not analytic but in G3[-1;1]
2
g(x) = exp( ) for |z| <1,
glz) = O for |x| > 1
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Definition (Maurice Gevrey 1918, studying PDESs)
gUG [-L:1] = O g9 < 24K j Gt =l G%
Labhalla&Lombardi&Moutai 2001.:

— [B Un [pUD[X]: degp)<B-n' |lg-p|l2" = gUG*[-1;1]

Theorem [Kawamura,Muller,Rosnick,Z.'141]:
The following (2Md-ord) representations

of G[-1;1] :=U, G'[-1;1] are computationally
equwalent up to time polynomial in (k+n):

a) pP-name of f with advice k,£ as above
b) sequence p,LID[X] with degfp,)<B-n' |lg-p,||,.<2™".
Moreover they render the following operations
computable in time polynomial in (k+n)*:

i) eval ii) sum iii) product, iv) d/dx v) [, vi) max

W.r.t. o, max (vi) on G, requires time Q(nY).
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Representing Compact Euclidean Subsets | = ey
Fix closed S[0;1]4 and 1<p<co. B
y,-name ¢: ¢{g)=1 for gD % with Ball,(g,2")n St
¢(a)=0 for gD, with Ball(q,2™*)n S=[]
0,-name: pP-name of dists,p'[O;l]dD;_) Min{|x-g},:s01S
w,-name ¢: ¢(q)=1 for g0D,? with Ball (g,2")0S
¢(a)=0 for gD, with Ball (q,2") n S=[1

(.symm./rel. distance, multiv. best approx...) } ‘
A 2"d-order representation of Z is ‘
a surjective 8:0({0,1}")¢01)" .7

[ Brattka&Weihrauch'99,7.'02+'04,
Braverman'04, Zhao&Muller'08, Rosnick'14]

P
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Representing Compact Euclidean Subsets |

Fix closed S[0;1]9 and 1<p<co. e MR e

y,-name ¢: ¢(g)=1 for gD, with Ball(q,2")n S£L
¢()=0 for gD, with Ball (g,2™*)n S=[

d,-name: pP-name of dists ;[0;1]9X - min{|x-g|,:s0S

®,-name
Fact: =0, =m on regular sets [Bra&Wei'99,2.'02]
Theorem [Brav.'04,Zh&Mi'08,R6sn.'14]: | P oo
a) It holds 6 <P <Pw. Projection is NP-" plete

b) There is a Swith distg; polytime but not distg,,
c) For any (!) fixed 1<p,p'sw it holds y, =" y,;

d) For convex sets of inner diameter =2, all three
representations parametriz. polyn.time equivalent.
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Real Complexity Theory Tutorial

Function arguments fLIC[0;1]: 2nd-order represent.
Apply: L1p,[0;1]x[0;1] O(f,X) - f(X) computable in
parameterized time polynomial in n+().

Observation: If f is computable in time t(n),
then t(n) is a modulus of uniform continuity of f.

Apply:CJ0;1]x[0;1] U(f,X) - f(X) requires time
depending on a modulus p of continuity:
"Parameter"” p is not N-valued but NY-valued!
Example: A3(M(n?)-n+A2(n))+nl’
Def [Mehlhorn'76]: A 2nd-order polynomial P(n,A) is a term

over +, X, integer constants and (1st-order) variable n
(ranging over N) and 2"-order variable A (ranging over NV)

\




2"d-Order Polynomials
Observation: a) 2"d-order polynomials are
closed under both kinds of composition

(QP)(nA) =Q(P(nA)A) and (QP)(nA) :=Q(nP(-1))
b) For ALN[Nn], P(n,A) is an ordinary polynomial.

Example: A3(M(n?)-n+A2(n))+nl’
Def [Mehlhorn'76]: A 2nd-order polynomial P(n,A) is a term

over +, X, integer constants and (1st-order) variable n
(ranging over N) and 2"-order variable A (ranging over NV)




2nd-Order Polyn.time Computation
A 2nd-order representation is a surj. :00{0,1} " —Z

with Baire Space {0,1}™:=({0,1}"){01)"  and
grading |o|(n):=max{lp(v)|:<n} Z;-nazme of
A pP-name of v oy Y s

f0C[0:1] is NN b0Z
any ¢ s.t. ¢-name of xOX | M | |A(zx)-bl<zn
| f( bin(v)/2M) — >

: Oracle machine computing
bln((l)(\_/))/2|‘—’| ‘ <2W a functional A:L1ZxX - R

Def [Kapron&Cook'96]: M? runs in 2"d-order poly.
time if #steps < P(n,|o|) for every X and {-name ¢
Def [Mehlhorn'76]: A 2nd-order polynomial P(n,A) is a term
over +, X, integer constants and (1st-order) variable n
(ranging over N) and 2M9-order variable A (ranging over NV)
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= Full specification (input/output behavior) ! RRAM
= of problems over real numbers, functions, sets

= Consistent semantics (e.g. tests) closed under
composition for modular approach to software

= Canonical interface declarations (TTE+2"d ord.)
= Rigorous convergence & runtime analyses

= turning recipes and heuristics into algorithms

= Realistic performance guarantees in bit model

= and optimality proofs from IBC or relative to
common conjectures in classical complexity

= and parametrized for fine-grained predictions




